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Abstract: Abstract: A stochastic trust region algorithm is proposed to solve constrained minimization problems with stochastic objectives. A stochastic trust region algorithm is proposed to solve constrained minimization problems with stochastic objectives. 

This method can be used to deal with nonconvex problems. The new iterate is generated by minimizing an exact penalty function, This method can be used to deal with nonconvex problems. The new iterate is generated by minimizing an exact penalty function, 
whose size is controlled by a trust-region type parameter. The stochastic gradient is used to take the place of deterministic gradient whose size is controlled by a trust-region type parameter. The stochastic gradient is used to take the place of deterministic gradient 
for the determination of descent directions of the penalty function. The convergence of the method is discussed under some reasonable for the determination of descent directions of the penalty function. The convergence of the method is discussed under some reasonable 
conditions. Some preliminary numerical results show that our method can effectively solve the stochastic nonlinear programming conditions. Some preliminary numerical results show that our method can effectively solve the stochastic nonlinear programming 
problems.problems.
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1.Introduction
In this paper, we consider the following stochastic 

nonlinear programming problem:

	
	w h e r e  b o t h   a n d   a r e 

continuous differentiable but possible nonconvex. We 
assume that the function values and gradients of 

, can be accurately obtained. The problem 
(1.1) appears in many practical applications, such as 
mixed logit modeling problems in economics and 
transportation [2,4,17], machine learning [18], 
simulation-based optimization [10]. Many problems in 
these fields have the following objective functions: 

	
	where  denotes the random variable whose 

distribution  is supported on  and  means that 
the expectation is taken with respect to  Due to the fact 
that the integral is difficult to evaluate, or function  
is not given explicitly, the function values and gradients 
of  are not easily obtainable and only noisy information 
is available.

Stochastic programming has been studied for several 
decades. Dantzig and Ferguson proposed a stochastic 
programming algorithm for solving maximize airline 
profits. In recent years, the constraint optimization 

problems have attracted more and more attention. Conn 
et al.[15] and Curtis et al.[16] proposed a trust region 
algorithm, it can escape saddle points and find a local 
minimum by iterating the variable along the direction 
related to the eigenvector of the Hessian with the most 
negative eigenvalue. There has been extensive research 
when  is convex [8,11,12]. Due to the increasing 
popularity of deep learning, the nonconvex case has 
attracted significant attention. See e.g., [5,7,9] for results 
on the smooth nonconvex case (i.e., ). For the 
more general nonsmooth nonconvex case, the research 
is still somewhat limited. There are lots of nonconvex 
optimization problems in practical applications. So, in 
this paper, we would like to exploit an effective method 
for solving more general stochastic optimization 
problems. The objective functions can be nonconvex.

Ghadimi et al. [5] analyzed the deterministic proximal 
gradient method for nonconvex nonsmooth problems. 
Wang, Yuan et al. [6] proposed a penalty method with 
stochastic first-order information for solving stochastic 
nonconvex problem. Cartis et al. [13] proposed a trust-
region method (first-order) for solving nonconvex 
problem. The trust region methods are deemed to be 
invaluable tools for solving nonlinear and nonconvex 
optimization problems [6]. We shall propose a stochastic 
trust region method. In our methods, we minimize a 
penalty function of the objective function in the trust 
region.

A trust region algorithm with stochastic first-
order information could help for solving equation 
constraint(1.1). Similar to classical trust region methods, 
we used a suitable model to replace the complex 
objective function. Due to the equality constraints of our 
problem, we minimized a penalty function in the trust 
region. The stochastic gradient was used to take place of 

(1.1)

(1.2)
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deterministic gradient for the determination of descent 
directions of the penalty function. Stochastic gradients 
were computable at manageable cost. Stochastic trust 
region method will be feasible in practice. Convergence 
theory and numerical results verified the reliability of 
our method to solve stochastic optimization problems 
with general constraints.

2.Stochastic Trust Region Algorithm
We adopt the following notation throughout the 

pape r.   deno te s  t he  g rad i en t  o f   and 

dnotes the Jacobian matrix of .Without specification, 

 represents the Euclidean norm  in .
Before we present the stochastic trust region 

algorithm for solving the problem (1.1), we consider the 
following penalty function:

	

where  is convex but may be nonsmooth function, 

and where  and  are continuously differentiable 
throughout the domain of interest  but  may be 
nonconvex.

Similar as the deterministic penalty method in 
references [6], let . Hence,  is 
convex and Lipschitz continuous with Lipschitz 
constant . It means, , where  is 
defined in , with the penalty 
parameter  and associated to the problem(1.1). 
Notice that  is a special case of .

Assuming the instantaneous functions have finite 
gradients that follows the gradients of  are given 
by 

when the number of functions  is large, exact 

evaluation of the gradient  is impractical. This 
motivates the use of stochastic gradients in lieu of exact 
gradients. For more precision, consider a given set of  

realizations  and define the stochastic 

gradient of  at given samples  as

We consider linearizing the argument of  around  

to obtain the approximation

   At each iterate , the trial step  is computed as the 
s o l u t i o n  o f  t h e trust-region subproblem

	
	

Adjusting the radius , and building a new iteration 
ba sed  on  t he  va lue of the ratio  of the actual 

function decrease  to the optimal 
model decrease, according to the trust-region rules, 
similarly,

where 
 
is the trust-region radius. 

The model
  is minimized approximately to 

produce a step  which subject to having the norm less 

than or equal to . Note that the connection between the 

(2.5) and (2.7), we could know .The 

radio  of the actual reduction of the objective function 

 t o  t h e  p r e d i c t e d 

reduction  was calculated.

3.Algorithm (Stochastic Trust Region)
Initialization

Variable . Initial radius  
where , 

choose constant, . . Set .

While , do.
Step 1.

Acquire  independent samples , 

calculate 
	

	Step 2.
Solve the trust region subproblem (2.6), giving a trial 

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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step .

Step 3.Compute
	

	

W h e r e , . If 

, set ; otherwise, set .

Step 4.

Update the trust region radius.

	

	Step 5.

Set ; go to step 2.

3.Convergence Analysis
In order to prove the convergence we need the 

following assumptions.
A1. The level set 

was bounded. Moreover, the function  

was bounded below in .
A2. Define  as the stochastic gradient of , 

and   as the Jacobi of  at , for any 
,we have .

A3. and  are Lipschitz continuous, with Lipschitz 

constants  and  respectively.
A4. We assume that  is convex and Lipschitz 

continuous, with Lipschitz constant . Note that  is 
convex implies that  is Lipschitz continuous at all 
required points, provided that the iteration is in a bound 

set or  is bound above and below on .
Let us relate the minimizers of (2.2) to the solutions 

of problem (1.1). It is not difficult to find that the 
advantage of the penalty function is that for a 
sufficiently large , the local minimizers of satisfying 

the MFCQ are minimizers of . For some , 
 is the critical point of , and it is feasible, then 
 is a KKT point of .

Definition: for approximate optimality for problem 
(2.1), which was defined a follows [13]. was called a 
KKT point of (1.1), if there exists  such that 

therefore, Cartis, Gould and Toint [13] introduced the 
following definition of critical point of (2.2).  is 
called a critical point of (2.2), if there exists , we 
have: 

In stochastic settings, X. Wang, Y. X. Yuan et al [6] 
introduced the following definition of critical point of 
(2.2), any step is a random process, and the output is a 
random variable, according to the above conditions, 

.
In this Definition, when the optimality measure 

 is small, we description the similar result at the 
approximate critical point of .

Lemma 3.1. Assume that A1, A2 and A4 hold, 
then we have

	 .	
Proof 3.1. Assume first that , then

	 	
a n d  s o  ,  b e c a u s e 

,  we could deduce (2.11) in the 

abovecase. Let , . Then 

 and so , implying 
	

The next lemmas deduce a lower bound on .

Lemma 3.2. Assume that A1, A2, A3 and A4 hold, 
then  , where

(2.9)

(2.11)

(2.12)

(2.14)

(2.10)

(2.13)
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we have that

	 ,	
 is very successful in the sense of (2.10).

Proof 3.2. From , (2.9) and 
(2.10),we can know

F r o m  T a y l o r  e x p a n s i o n s 

,  t h e r e  a r e                     
and together 

with A3 and A4, that 

From equation (2.14), it follows that 	

.	

From equation (2.15) and  we can deduce 

the second inequality above. The implication (2.16) now 
follows from (2.11) and , the latter being provided 

by  and .

Lemma 3.3. Assume that A1, A2, A3 and A4 hold, let 
 such that 	

W h e r e  , then

	 	

where  is defined in (2.14).	

proof 3.3. For any ,  and (2.18), 
we have 

	

from (2.10) and Lemma 3.1, we can deduce
	 .	
T h u s  w h e n ,  ( 2 . 2 0 )  i m p l i e s  t h a t 

 for all , where the factor  is 
introduced for the case when  is greater than  and 
iteration  is not very successful. Letting    in 

(2.20) gives (2.19) when  since 
.

We are now ready to give the main result of this 
section.

Lemma 3.4. Assume that A1, A2, A3 and A4 hold, 
and let  be bounded below by . Given 
any , assume that , and let  be 
the first iteration such that . Then the 
stochastic trust-region algorithm, Algorithm, takes at 
most 

	 	
successful iteration, or equivalently, problem 

stochastic gradient evaluations, to generate , 
where 

	
	

where  is defined in (2.14). Additionally, assume 

that on each very successful iteration ,  is chosen 

such that 
	 	
for some . Then

	 	

and so Algorithm takes at most  (successful and 
u n s u c c e s s f u l )  i t e r a t i o n s ,  o r, e q u i v a l e n t l y, 
problem evaluations, to generate , where 

	
	

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Proof 3.4. According to the definition of  in the 
theorem, it is equivalent to 

.

Thus  Lemma 3 .3 .  appl ies  wi th .  From 

a n d 

 we can deduce 

,

d u e  t o  , a n d  a g a i n 

,
	 	

can be derived from the above formula. Define  as the 
set of all successful and very successful 
iterations in (2.10), let , due to 

	

	

by Trust-region radius update set (2.10),and (2.16) 
imply 

	 	

	

Define  as the number of successful iterations up 

to , because , and keep the function 
value unchanged during unsuccessful iterations, we get 

Given  as the upper bound of iteration, in order to 

prove the bound , suppose the upper bound of the 

number of unsuccessful iterations is . From (2.10) and 
(2.23) we can get 

Define  as the number of unsuccessful iterations up 

to , we can conclude that 

,
according to (2.19), this further becomes 

,

given , taking he logarithm of both sides 

of the above inequality, we get 

therefore, due to , this further becomes 

which together with the bound  on  and 

 yields (2.25).

4.Numerical Experiments
In this section, the proposed stochastic trust region 

method to solve nonconvex problems with stochastic 
objectives is applied.

Example 1: Extended Rosenbrock Function
In mathematical optimization, the Rosenbrock 

function is frequently used in nonconvex optimization 
problems as a performance test problem for optimization 
algorithms, which introduced by Howard H. Rosenbrock 
in 1960.

Here we use a stochastic version of the Extended 
Rosenbrock function as a test case [14]. Specifically 

consider a random vector , a variable , 

the function  is defined as
	

	

we chose  uniformly at random from the box 

            

and set . In fact from the observation 

, we can write the average function as 

	

	T h e  f u n c t i o n  i n  ( 3 . 2 )  h a s  a  m i n i m i z e r 

 with  and  
T h e 

(2.26)

(2.27)

(2.28)

(2.29)

(3.1)

(3.2)
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numerical results of the above examples are shown in 
the table below
Table 1 Output for test problem

Example 2: Booth Function
In mathematical optimization, the Booth function is 

frequently used in optimization problems as a 
performance test problem for optimization algorithms. 

Here we consider a random vector , a variable 

, the function  is defined as 

	
	we chose  uniformly at random from the box 

 and set . In fact from the 

observation , we can write the average 

function as 

	

	T h e  f u n c t i o n  i n  ( 3 . 4 )  h a s  a  m i n i m i z e r 

 w i t h 

 and .

The numerical results of the above examples are 
shown in the table below
Table 2 Output for test problem

Example 3: Extended Three-Hump Camel Function
In mathematical optimization, the Three-Hump 

Camel function is frequently used in optimization 
problems as a performance test problem for optimization 

algorithms, Here we consider a random vector , 

a variable , the function  is defined as 
	

	we chose  uniformly at random from the box 

 and set . In fact from the 

observation , we can write the average 
function as 

	

	T h e  f u n c t i o n  i n  ( 3 . 6 )  h a s  a  m i n i m i z e r 

 with  and 
.The numerical results of the above examples are shown 
in the table below

Table 3 Output for test problem

5.Conclusions
In this paper we proposed a stochastic trust region 

method and showed that the new algorithm was con-
vergent for solving constrained minimization problems 
with stochastic objectives. Based on the penalty method 
and the trust region framework，our method could deal 
with convex optimization problems with ill-conditioned 
objective functions as well as nonconvex optimization 
problems. With careful analysis, we were able to show 
that our method was convergent. Numerical results illus-
trated that the method could efficiently solve the given 
test problems. Therefore the new method is potentially 
efficient, and thus paves the way towards developing 
concrete algorithms for specific applications.
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